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Abstract

Mobile ad hoc networks (MANETs) have inherently dy-
namic topologies. It is important to be able to determine
the reliability of the communication paths created un-
der these difficult circumstances. For this purpose, mo-
bility metrics have been proposed in the literature, but
most existing research is based on simulation results and
empirical analysis. We consider two metrics, link per-
sistence and path persistence, and develop an analytical
framework to derive their exact expressions as well as
the corresponding link residual time and path residual
time, under a random mobility environment. Such ex-
act expressions constitute precise mathematical relation-
ships between the network connectivity and the mobility
of mobile nodes. This framework could be used to de-
velop efficient algorithms for medium access control, or
to optimize existing network routing protocols.

1 Introduction

Mobile ad hoc networks are comprised of mobile nodes
communicating via wireless links. Due to the mobility,
communication paths are dynamic, affecting path relia-
bility. Meaningful analysis of the reliability of these con-
stituent links is crucial to understanding the reliability of
the paths themselves. Node mobility leads to changes in
network topology resulting in link additions and break-
ages, and alteration of traffic patterns and/or traffic dis-
tributions. Routing protocols [1, 2, 3] based on mobility
metric prediction have been shown to increase the packet
delivery ratio and reduce routing overhead.

In this paper, we consider the notions of link persis-
tence and path persistence to describe the continuous
link and path availabilities, respectively, for an active
communication route. The link (path) persistence is the
probability that a link (path) lasts constantly until a fu-
ture time, k, given that it existed at time 0. From theo-
retical analyses of the link (path) persistence, we derive

the expected residual time for an active link (path). The
residual time is evaluated deterministically in [1, 2], by
simulation in [4, 5, 6], and by calculation in [7]. Note
that the various mobility measures have been given dif-
ferent names by different authors.

A similar measure to link persistence, link availability,
is considered by Jiang et al [8]. The link availability is
approximated as the ratio of the mean time a link will be
continuously available to a link prediction time. The cal-
culation method in [8] relies on a parameter, ε, that must
be experimentally determined. In [9], link availability is
also considered but, in this case, a link is considered to
be available at k even if it has undergone failure during
the time between 0 and k. Further, in [7] an expression
for link availability, using a simple straight line mobility
model, is derived.

Our notion of link or path persistence requires a ran-
dom mobility model [10] governing the behaviour of the
nodes in the network. We assume nodes move according
to a generalisation of the Random Walk Mobility Model.
Such an assumption is clearly not realistic, but may be
useful as an aid to predicting link reliability for rout-
ing purposes [9]. Moreover, random mobility models are
regularly used for protocol evaluation [5], so our work is
important to facilitate comparison of the evaluation envi-
ronment with practical implementation environments.

This paper is organised as follows. In Section 2 we
present definitions for the mobility metrics investigated
in this paper. In Section 3 we develop an expression for
the PDF of the separation distance between an arbitrary
pair of mobile nodes after one epoch, and generalize the
results to a network of nodes with i.i.d. mobility. In Sec-
tion 4 we develop a Markov chain model for the evolu-
tion of the separation distance between two nodes. This
Markov model is applied, in Section 5, to the determi-
nation of expressions for a range of mobility metrics. In
Section 6 we compare our theoretical and simulation re-
sults. Finally, we present conclusions in Section 7.
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2 Mobility Metric Definitions

While fading links are the norm in wireless communica-
tion networks [11], the existing literature on mobility in
MANETs concentrates on “binary” links. That is, links
are understood to be “on” or “off” at any point in time.
Schemes which use network topology information are
sensitive to the length of time for which a link is consis-
tently “on”. Therefore, we consider the following met-
rics, which assume that the link is “on”, and ask how long
it will continue to be “on”.

• Link Persistence, PL(k): Given an active link be-
tween two nodes at time 0, the persistence of this
link, PL(k), until (at least) epoch k is defined as
the probability that the link continuously lasts until
epoch k.

PL(k) , Pr{Lasts until k|Available at 0} (1)

• Link Residual Time, RL: Given an active link be-
tween two nodes at time 0, the link residual time,
RL, is the length of time for which the link will
continue to exist until it is broken.

• Path Persistence, PP (k; h): Given an active path
with h hops between two nodes at time 0, the path
persistence, at epoch k, is defined as the probabil-
ity that the path will continuously last until at least
epoch k.

PP (k; h) , Pr{Last until k|Available at 0} (2)

• Path Residual Time, RP (h): Given an active path
with h hops between two nodes at time 0, the path
residual time, RP (h), is the length of time for
which the path will continue to exist.

3 Node Separation After One Epoch

In this paper, we assume that each mobile node moves
with a velocity uniformly distributed in both speed, V ,
and direction, Φ. Both the speed and direction change in
each epoch but are constant for the duration of an epoch,
and independent of each other. The speed has mean, v,
and variance δ2/3, such that V ∈ {v − δ, v + δ}. The
direction, Φ, is uniformly distributed in [0, 2π). This ran-
dom mobility model is widely used to analyze route sta-
bility in multi-hop mobile environments [2, 7, 12].

The status of a wireless link depends on numerous sys-
tem and environmental factors that affect transmitter and
receiver transmission range. A widely applied, albeit op-
timistic, model is used in this paper, whereby transmis-
sion range is approximated by a circle of radius r cor-
responding to a signal strength threshold. If the separa-
tion distance between a given pair of nodes is less than

X

j Θ

i

m

m+1L

j

L

X

m+1

V

l

V

V

Node j at epoch m

Node i at epoch m+1

ψ

Node j at epoch m+1
Node i at epoch m

Figure 1: Relationship between the node movement vec-
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r, it is assumed the link between them is active. Let the
random variable representing the separation distance be-
tween two nodes at epoch m be Lm, and let lm denote an
instance of Lm. The PDF, fLm+1|Lm

(lm+1|lm), forms a
basis for the derivations of expressions for the metrics
given in Section 2. We derive this PDF below.

3.1 Relative Movement Between 2 Nodes

To determine fLm+1|Lm
(lm+1|lm), we begin with the

PDF of the relative movement between a given pair of
nodes, labelled i and j. The relationship between the rel-
ative movement vector,

−→
X , in any given epoch, and the

node velocity vectors,
−→
Vi and

−→
Vj , is

−→
X =

−→
V j − −→

V i,
as depicted in Fig. 1. Let X be the random variable
representing the magnitude of

−→
X , similarly for Vi and

Vj . Let Ψ be the angle between
−→
Vi and

−→
Vj . As X =√

V 2
i + V 2

j − 2ViVj cos Ψ, we use the Jacobian trans-

form to obtain the joint PDF:

fX,Vi,Vj (x, vi, vj) =
2xfΨ,Vi,Vj

(ψ, vi, vj)√
2v2

i v2
j + 2v2

i x2 + 2v2
j x2 − v4

i − v4
j − x4

. (3)

As Ψ is uniformly distributed in [0, π) and Vi, Vj and Ψ
are independent, we can simplify (3) to

fX,Vi,Vj
(x, vi, vj) =

x

2πδ2
√

2v2
i v2

j + 2v2
i x2 + 2v2

j x2 − v4
i − v4

j − x4
. (4)

Then the marginal PDF of the magnitude of the relative
movement is,

fX(x) =
∫ v+δ

v−δ

∫ v+δ

v−δ

fX,Vi,Vj (x, vi, vj)dvidvj . (5)
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Thus, (4) and (5) describe the behaviour of the relative
distance, X , between a given pair of nodes, i and j, in
any one epoch.

3.2 Calculation of the Separation Distance

From Fig. 1,
−→
L m+1 =

−→
l m +

−→
X . Let Θ from Fig. 1 be

uniformly distributed in the interval [0, 2π). The condi-
tional PDF is

fLm+1|Lm,Θ(lm+1|lm, θ) = fX,Θ(x, θ)
∣∣∣∣

∂(x, θ)
∂(lm+1, θ)

∣∣∣∣

= fX,Θ(x, θ)
lm+1√

l2m+1 − l2m sin2 θ
, (6)

where x = lm cos θ ±
√

l2m+1 − l2m sin2 θ. Since the
magnitude and phase are independent, we obtain

fLm+1|Lm
(lm+1|lm) =

2
π

∫ π

0

f(x)
lm+1√

l2m+1 − l2m sin2 θ
dθ,

(7)
where 0 ≤ x ≤ max(Vi + Vj), due to the triangular

relationship between
−→
X ,

−→
Vi and

−→
Vj .

Next, we use fLm+1|Lm
(lm+1|lm) to derive the node

separation distance PDF after k epochs.

4 Markov Chain Model of Separation

In Section 3 we derived the PDF of the distance between
a given pair of nodes in epoch m + 1, m ∈ Z+, given
the separation distance in epoch m. That is, the separa-
tion distance in epoch m can be represented as a random
variable, Lm. The evolution of the separation distance
can be represented by a sequence of random variables,
{· · · , Lm−1, Lm, Lm+1, · · · }. So, the relationship be-
tween the separation distances in a sequence of epochs
readily lends itself to modelling via a Markov chain pro-
cess.

4.1 Transition Model

r0

eniee2e1 n+1e

ε

Distance
Separation

............ Absorbing
State

Figure 2: State space for distance between a pair of
nodes, where separations outside of the transmission
range (absorbing state) result in a link being discarded.

We first define the state space governing the range of
node separation distances, 0 ≤ lm < ∞. We divide the
interval [0, r) into n bins of width ε. If a link is active,
lm falls into one of these bins, as shown in Fig. 2. The
ith bin corresponds to the ith state, denoted ei. The (n +
1)th state, corresponding to lm > r, is defined as the
absorbing state. A separation distance in the absorbing
state indicates a broken link. If the nodes move back
within communication range, a new link is considered
to have been formed. The distance, Lm, is in ei if the
following conditions hold,





Lm ∈ ei ⇔ ε(i − 1) ≤ lm < εi i ∈ [1, n],

Lm ∈ en+1 ⇔ lm > r i = n + 1.
(8)

4.2 Initial Condition Vector

The initial condition vector denotes the probability of the
initial separation distance, L0, being in each state at time
0. It has entries

pei
(0) = Pr(L0 ∈ ei). (9)

We assume nodes are initially uniformly distributed.
Since they move according to a random walk, they re-
main (approximately) uniformly distributed in the trans-
mission region. Therefore, if a link exists the initial sep-
aration distance, L0, has a linear distribution [13]:

fL0(l0) =
2l0
r2

, 0 ≤ l0 ≤ r, (10)

pei
(0) = (2i − 1)

ε2

r2
, 0 ≤ i ≤ n. (11)

4.3 Transition Matrix
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Figure 3: Shows aij , the probability of transferring from
ei to ej after one epoch, for various j.

Let Lm be in ei. Then, after one epoch, Lm+1, must
be in the range [lm − 2(v + δ), lm + 2(v + δ)]. This cor-
responds to Lm+1 being in ej such that j ∈ [max(1, i −
γ),min(i + γ, n + 1)], where γ = d2(v + δ)/εe, is the
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maximum number of bins that can be traversed in a sin-
gle epoch. The transition matrix is denoted by

A =




a11 · · · a1,n a1,n+1

...
. . .

...
...

an,1 · · · an,n an,n+1

0 · · · 0 1


 , (12)

where aij is the probability of transition from ei to ej

in a given epoch. We note that ∀ i, j, aij ≥ 0 and∑
j aij = 1. The last row in (12) represents transition

from absorbing state.
To calculate the transition probabilities between non-

absorbing states, illustrated in Fig. 3, consider the state
transition probabilities at epoch m, and using (7)

aij = Pr (ej ← ei) = (13)
∫ jε

(j−1)ε

∫ iε

(i−1)ε

fLm+1|Lm
(lm+1|lm)fLm

(lm)dlmdlm+1.

The PDF fLm
(lm) changes with m. However, if ε is

sufficiently small, and ei is known, we can assume that
lm is approximately uniformly distributed within the ith
bin. In this case,

fLm
(lm) ≈ 1/ε. (14)

Moreover, we can approximate the PDF of the condi-
tioned separation distance from any point in ei to any
point in ej using the midpoints of the two states:

fLm+1|Lm
(lm+1|lm) ≈ fLm+1|Lm

[(j − 1/2)ε|(i − 1/2)ε] .
(15)

Thus, from (13), (14) and (15) we can write

aij ≈ εfLm+1|Lm
[(j − 1/2)ε|(i − 1/2)ε] . (16)

4.4 Distribution After k Epochs

According to the properties of Markov Chains, we can
use A and P (0) to determine the probability of the sepa-
ration distance being in state ei after k epochs:

P (k) = [pe1(k) pe2(k) · · · pen+1(k)] = P (0) Ak,
(17)

5 Mobility Metric Calculations

Having developed a Markov chain model for the evolu-
tion of the node separation, we now derive expressions
for the mobility metrics defined in Section 2.

Link Persistence, PL(k): The probability of the link
being in existence after k epochs is the probability that
the separation distance is in a non-absorbing state:

PL(k) =
n∑

i=1

pei(k) = 1 − pen+1(k), (18)

where pei
(k) can be calculated from (17).

Link Residual Time, RL: The CDF, FRL
(k), of the

link residual time, is:

FRL
(k) = Pr{RL ≤ k} = 1 − PL(k). (19)

Then, the PDF of the link residual time is

fRL
(k) = Pr{RL = k} = PL(k − 1) − PL(k). (20)

The expected value of the link residual time is

E{RL} =
∞∑

k=1

k fRL
(k) =

∞∑

k=1

k [PL(k− 1)−PL(k)].

(21)

Path Persistence, PP (k;h): For a path to persist, each
of the component links must persist:

PP (k; h) =
h∏

i=1

PL(k). (22)

Path Residual Time, RP (h): The CDF,
FRP (h)(k;h), of the path residual time is

FRP (h)(k;h) = Pr{RP (h) ≤ k} = 1−PP (k; h) (23)

Therefore, the PDF of the path residual time is

fRP (h)(k;h) = PP (k − 1; h) − PP (k; h). (24)

And, the expected value of the path residual time is

E{RP (h)} =
∞∑

k=1

k [PP (k − 1;h) − PP (k; h)]. (25)

6 Simulation Results

We verify all analytically derived expressions for the mo-
bility metrics by simulation. The simulations were con-
ducted with MNs moving according to the description in
Section 3.

The network consisted of 100 nodes initially placed
randomly in a square plane of side 1000 distance units.
We use the generic term “units” rather than, say, m or km
because it is the relative and not the absolute distances
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that are important. Each MN had a maximum transmis-
sion range of r = 100 units, with between 1000 and 5000
epochs per trial for 3000 trials.

Figure 4 illustrates the comparisons of the simulation
results to the theoretical calculations. The link persis-
tence, shown in Fig. 4(a), decreases with increasing sim-
ulation time and, at a greater rate with increasing ratio
of mean node speed to transmission range, v/r. Fur-
ther, the path persistence drops off at a greater rate than
the link persistence, for the same mean node speed, as
would be expected. The path persistence also drops off
more quickly with an increased number of hops, as there
is more chance of an individual link breaking.

In the bounded simulation environment, MNs were
“reflected” back into the simulation area, if their move-
ment would otherwise take them outside. Consequently,
nodes near the edge are more likely to remain in trans-
mission range, and the link persistence is artificially in-
creased, compared to that for the unbounded simulation
area. The experimental results for the bounded area are
still close to the calculated results, as expected, though
not as well matched.

The expected link and path residual times have been
plotted against the second order of r/v, each showing a
linear relationship, particularly for larger ratios. As ex-
pected, E{RP } is much lower than E{RL} for the same
communication range to speed ratio. Finally, the prob-
ability distributions of RL and RP show that the path
residual time is more likely to have a shorter length, in
epochs, than the link residual time.

7 Conclusions

Frequent changes in network topology caused by mobil-
ity in MANETs imposes great challenges for develop-
ing efficient routing algorithms. The theoretical analy-
sis framework presented in this paper provides a better
understanding of network behavior under mobility and
some fundamental work on the issue of path stability. We
propose link persistence and path persistence for evalu-
ating link and path stability. The Markov chain model
used in this paper, has enabled us to accurately determine
a series of mobility metrics. These calculations are use-
ful for comparison of artificial mobility behaviours with
actual network implementation scenarios. The analytical
results can be readily applied to various adaptive routing
protocols that use corresponding mobility metrics.
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(a) Comparison of calculated and experimental link persistence values
for both bounded and unbounded simulation areas. Link persistence de-
creases at a greater rate with greater node speed. The unbounded sim-
ulation values more closely match the calculated values from Eq. (18)
than the bounded ones.
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(b) Comparison of calculated and experimental path persistence values
for both bounded and unbounded simulation areas. Path persistence de-
creases at a greater rate with an increased number of hops. and more
quickly than the link persistence for the same node speed. The calcu-
lated values are from Eq. (22).
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(c) Comparison of calculated and experimental average link residual
time values for both bounded and unbounded simulation areas. E{RL}
linearly increases with the square of the ratio of the radio transmission
range to the node speed. The unbounded simulation values more closely
match the calculated values from Eq. (21).
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(d) Comparison of calculated and experimental average path residual
time values for both bounded and unbounded simulation areas. E{RP }
linearly increases with the square of the ratio of the radio transmission
range to the node speed. The calculated values are from Eq. (25).
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(e) Comparison of calculated and experimental distributions of
the link residual time for an unbounded simulation area. The dis-
tribution can be approximated as an exponential distribution. The
calculated values are from Eq. (20).
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(f) Comparison of calculated and experimental distributions of the
link residual time for an unbounded simulation area. The distribu-
tion of the path residual time can be approximated as an exponen-
tial distribution. The calculated values are from Eq. (24).

Figure 4: Comparison of the mobility metric calculations and simulated results. Each MN moves at a randomly chosen
velocity during each epoch, which has uniformly distributed speed with mean v, and uniformly distributed direction in
the range [0, 2π). The “shape” plots in each figure indicate simulated results, while the solid lines indicate calculated
values with the relevant equations within the paper. The vertical bar indicates the 95% confidence interval for the
unbounded scenario.
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